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Abstract: We study the SO(3) sector of the N = 1∗ mass deformation of N = 4
super Yang-Mills on S4. The gravity dual of this sector is N = 2 supergravity coupled to
two hypermultiplets. The scalar fields in the hypermultiplets span a quaternionic-Ka¨hler
manifold that is described by the coset G2,2/SU(2)× SU(2).
We use the N = 2 supergravity dual to study field configurations in the bulk that
feature analytical solutions, and compute the corresponding S4 free energy using the pro-
cedure of holographic renormalization. We find that the free energy of these configurations
is quadratic in the mass and show that it is devoid of unphysical ambiguities, hence provid-
ing an analytical prediction for the N = 1 four-sphere partition function at large ’t Hooft
coupling in the planar limit.
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1 Introduction and summary of the results
Recently there has been a growing interest in the study of supersymmetric gauge theories
on curved manifold. In his seminal work [1], Pestun used localization techniques to evaluate
the partition function of various N = 2 supersymmetric gauge theories on S4. Following
Pestun’s work, localization techniques have been extensively used to study field theories
at finite and strong coupling. However, since localization requires the existence of at least
N = 2 supersymmetries [2], very little is known about theories with a smaller amount
of supersymmetry. A great progress was made by Festuccia and Seiberg [3], who have
studied the coupling of supersymmetric field theories to curved manifolds in three and four
spacetime dimensions using rigid supergravity. Their work shed light on the kinematics of
N = 1 theories on curved manifolds, but did not address their dynamics. Exact results for
N = 1 theories on S4 are therefore still mostly out of reach.
The motivation behind the work presented in [4] was to change this situation and derive
exact results for N = 1 theories. The authors of [4] used the gauge/gravity correspondence
to study the N = 1∗ theory on S4 and at strong coupling, using its gravity dual. Let us
briefly review the N = 1∗ mass deformation of N = 4 super Yang-Mills. In Lorentzian
signature it is described by the following superpotential (and its complex conjugate)
W =
√
2gYMf
abcZa1Z
b
2Z
c
3 +
1
2
3∑
i=1
mijZ
a
i Z
a
j
W =
√
2gYMf
abcZ¯a1 Z¯
b
2Z¯
c
3 +
1
2
3∑
i=1
m¯ijZ¯
a
i Z¯
a
j
(1.1)
where gYM is the Yang-Mills coupling and f
abc are the structure constants of the gauge
group normalized in a way independent of the gYM . However, in order to couple the theory
to the sphere one has to perform Euclidean continuation. Fields that are related by complex
– 1 –
conjugation in the Lorentzian theory, are independent in Euclidean signature [5, 6]. In the
Euclidean theory, the mass parameters mij and m¯ij are therefore also independent.
Before calculating anything, we have to ask whether a supersymmetric observable, like
the partition function, computed on a curved manifold is free of renormalization scheme
ambiguities. Indeed, in the case of superconformal N = 1 theories in four dimensions,
for example, it was shown in [7] that the partition function on S4, seen as a function of
exactly marginal couplings, is completely scheme dependent. The situation is different
for N = 2 superconformal theories where the S4 partition function can be expressed in
terms of the Ka¨hler potential of the Zamolodchikov metric and thus contains physically
interesting information. The analysis of [7] can be extended to massive theories. In [4], it
was shown that the ambiguities in the free energy of the N = 1∗ theory are of the following
form
FN=1∗ → FN=1∗ + f1(τ) + f¯1(τ¯) + a2
3∑
i,j=1
(mijm¯ij)f2(τ, τ¯) (1.2)
where f1, f¯1 and f2 are arbitrary functions of the complexified gauge coupling
τ =
θ
2pi
+ i
4pi
g2YM
(1.3)
and a is the radius of the four-sphere. The holomorphic structure of the UV ambiguities
f1, f¯1 is a result of the extended supersymmetry of the UV theory, which is N = 4 SYM.
N = 4 supersymmetry can be regarded as a particular case of N = 2 supersymmetry
and, as was explained in [7], the ambiguities in the sphere partition function are then
understood as Ka¨hler ambiguities. In the case where the UV theory preserves only N =
1 supersymmetry, the structure of ambiguities is encoded in a single non-holomorphic
function f1(τ, τ¯) and the ambiguities are not physical. We would like to emphasize that,
unlike the physically understood f1, f¯1 ambiguities, the second ambiguity f2 of the massive
theory is a real unphysical ambiguity. Physical observables therefore cannot be subject to
ambiguities of the form represented by f2(τ, τ¯).
The gravity dual of N = 4 SYM is type IIB supergravity on AdS5 × S5 [8]. The
gravitational description can be simplified by using N = 8 gauged supergravity in five
dimensions, which is a consistent truncation of type IIB supergravity on S5. The mass
deformations encoded in the superpotential (1.1) correspond to turning on scalar fields in
the N = 8 supergravity theory. One can therefore study the massive theory using five-
dimensional domain-wall solutions in that gravity side that involve scalar fields coupled
to the metric. This approach was taken in the past to study holographic RG flows in
flat spacetime. However, to study the theory on a curved background one has to include
additional couplings due to the curvature, as was explored in [4].
In this paper we extend the analysis of [4]. Our main motivation is to derive analytical
expressions for the S4 free energy. We will be mainly interested in the equal mass case
mij = mδij , m¯ij = m¯δij (1.4)
with m 6= m¯. This theory preserves, in addition to the U(1)R symmetry, an SO(3) global
symmetry inside the original SU(4) symmetry of N = 4 SYM. On the gravity side, the
– 2 –
SO(3) sector is described by an N = 2 truncation of the maximally supersymmetric N = 8
supergravity theory [9]. In addition to the supergravity multiplet, it also contains two
hypermultiplets. The scalars in the hypermultiplets span a manifold that is described by
the coset
G2,2
SU(2)× SU(2) (1.5)
where G2,2 is the non-compact form of the exceptional Lie group G2. This coset is known to
describe a quaternionic-Ka¨hler manifold [10–12]. In general, quaternionic-Ka¨hler manifolds
are described using a triplet of prepotentials P r, where r = 1, 2, 3 is an index in the adjoint
representation of SU(2)R (the R-symmetry group of N = 2 supergravity). When the
matter sector includes only hypermultiplets, like in the case under consideration, the theory
can be described using a superpotential
W =
√
2
3
P rP r (1.6)
(not to be confused with the superpotential of the field theoryW). We study the quaternionic-
Ka¨hler manifold (1.5) and derive a superpotential for it.
Finally, we focus on the following mass configuration
m 6= 0, m¯ = 0 (1.7)
namely, we set the masses of the anti-chiral multiplets to zero, while keeping the masses of
the chiral multiplets non-zero. In Lorentzian signature it is not possible, but as explained
above, Euclidean theories allow for these configurations. There are two motivations to
look at the configuration (1.7). First, as evident from (1.2), when m¯ = 0 the unphysical
ambiguity vanishes and the sphere partition function is well-defined. Second, as we will
show later, there is a field configuration in the bulk that correspond to (1.7) and for which
the scalar kinetic term vanishes. In such a case the stress-tensor vanishes as well, and the
scalars do not back-react on the metric. By the Einstein equations, the metric is then
simply given by the hyperbolic space H5
ds2 = dr2 + (sinh r)2ds2S4 (1.8)
The conformal symmetry is still broken because of the non-trivial profile of the scalars in
the bulk. In Lorentzian signature, a situation where the metric is AdS5 but the matter
fields break the SO(4, 2) symmetry would be impossible, because any complex scalar with
a non-trivial profile in the AdS5 directions produces a non-vanishing stress tensor. Similar
configurations were found in [5] for the ABJM theory on S3.
The configuration described above features an analytical solution in the bulk, which
we use to compute the free energy using the procedure of holographic renormalization. The
result is
FS4 = F0 −
15
128
N2(ma)2 (1.9)
F0 is the free energy of N = 4 SYM on S4
F0 = −N
2
2
log λ (1.10)
– 3 –
where λ is the ’t Hooft coupling λ = g2YMN [13–16]. The free energy (1.9) is well-defined
and devoid of unphysical ambiguities. The result (1.9) provides an analytical prediction
for the free energy of the theory at strong coupling. This is our main result.
The paper is organized as follows. In section 2 we provide a brief review of the N = 1∗
theory. In section 3 we review the structure of N = 2 supergravity and derive the equations
of motion for domain-wall solutions with S4 boundary. As a warmup exercise, we describe
the universal hypermultiplet, as part of the Leigh-Strassler flow, in section 4. The reader
who is familiar with N = 2 supergravity can skip directly to section 5, where we describe
the G2,2 coset model and derive the superpotenial. In section 6 we discuss several solutions
of the coset model, including the ones with no back-reaction. In section 7 we calculate the
free energy using the procedure of holographic renormalization. We end with conclusions
and future directions 8. Few appendices include more information about the theory and
the calculation.
2 Field theory
We start by reviewing the N = 1∗ mass deformation of the N = 4 supersymmetric Yang-
Mills theory in flat space and on the four-sphere [4]. N = 4 super Yang-Mills can be
written in an N = 1 language using three chiral multiplets and a superpotential given by
(1.1) with the masses set to zero. In this form only an N = 1 supersymmetry is manifest,
but the full N = 4 supersymmetry is still preserved. When the masses in (1.1) are non-zero
the N = 4 supersymmetry is broken down to N = 1 supersymmetry. The kinetic term is
given by
Lkinetic = 1
4g2YM
(
F aµν
)2
+
θ
16pi2
µνρσF aµνF
a
ρσ − λ¯a Tσ2σ¯µDµλa
+DµZ¯ai DµZ
a
i − χ¯ai Tσ2σ¯µDµχai
(2.1)
F aµν is the gauge field strength, λ
a
α and λ¯
aα˙ are the left-handed and right-handed com-
ponents of the gauginos, Zai are the bottom components of the chiral multiplets and Z¯
a
i
are their conjugates, and χaiα and χ¯
aα˙
i are the left-handed and right-handed components
of the fermions in the chiral multiplets. Fields that in Lorentzian signature are related by
complex conjugation, are independent in Euclidean signature.
The interaction Lagrangian in flat space is given by
Linteraction = W aiW ai +
1
2
(
χai
Tσ2χ
b
j
)
W abij +
1
2
(
χ¯ai
Tσ2χ¯
b
j
)
W
ab
ij (2.2)
where subscripts on W,W represent derivatives with respect to the scalars. In order to
couple the N = 1∗ theory to the four-sphere while preserving supersymmetry we need to
include also the following terms (as well covariantizing the derivatives in (2.1))
LS4−interaction =
2
a2
Z¯ai Z
a
i ∓
i
a
(3W −W ai Zai )∓
i
a
(
3W −W ai Z¯ai
)
(2.3)
The first term is nothing but the conformal coupling to the sphere while the other terms
are needed to preserve supersymmetry on the sphere [3].
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With the superpotential (1.1) the resulting Lagrangian for N = 1∗ on S4 is given by
LS4N=1∗ = Lkinetic + L2 + LYukawa + L3 + L4 (2.4)
The quadratic interaction term is
L2 = m¯ijmikZ¯aj Zak −
1
2
mij
(
χai
Tσ2χ
a
j
)− 1
2
m¯ij
(
χ¯ai
Tσ2χ¯
a
j
)
+
2
a2
Z¯ai Z
a
i ±
i
2a
(
mijZ
a
i Z
a
j + m¯ijZ¯
a
i Z¯
a
j
) (2.5)
The Yukawa and cubic interaction terms are respectively given by
LYukawa =
√
2gYMf
abc
[(
λa Tσ2χ
b
i
)
Z¯ci +
(
λ¯a Tσ2χ¯
b
i
)
Zci
+
1
2
ijk
(
χai
Tσ2χ
b
j
)
Zck +
1
2
ijk
(
χ¯ai
Tσ2χ¯
b
j
)
Z¯ck
]
L3 = −gYM√
2
fabcijk
(
m¯ilZ¯
a
l Z
b
jZ
c
k +milZ
a
l Z¯
b
j Z¯
c
k
) (2.6)
and the quartic interaction term is given by
L4 = g
2
YM
2
fabcfade
(
−Z¯biZci Z¯djZej + 2Z¯bj Z¯ciZdjZei
)
(2.7)
For more details see [4].
In this paper we will focus on the equal mass case (1.4). In this case, the first term in
(2.5) is proportional to the Konishi operator K = |Z1|2 + |Z2|2 + |Z3|2, which is invisible
in the supergravity limit. We are therefore left with the following four massive operators
in the Lagrangian
LSO(3) = −
1
2
m
(
χa Tσ2χ
a
)− 1
2
m¯
(
χ¯a Tσ2χ¯
a
)± i
2a
(
mZ2 + m¯Z¯2
)
(2.8)
(the cubic interaction terms L3 are in the same R-symmetry representations as the fermion
bilinears, and are therefore indistinguishable from them). In addition to the four massive
operators, the Lagrangian includes the gauge kinetic term and the θ-term. Finally, we also
have to take into account left-handed and right-handed gaugino bilinears, that can possibly
condense. In total, the spectrum of the SO(3) sector includes eight scalar operators. We
therefore expect to have eight dual scalar fields in the bulk.
3 N = 2 Supergravity
In this section we review the general structure of N = 2 supergravity in five space-time
dimensions (see [17–22] for reference). The theory contains the supergravity multiplet and
can be coupled to matter fields. The pure supergravity multiplet(
eaµ, ψ
αi
µ , Aµ
)
(3.1)
– 5 –
contains the graviton eaµ, two gravitini ψ
αi
µ and a vector field Aµ (the graviphoton). The
supergravity multiplet can be coupled to vector, tensor and hyper multiplets. Each vector
multiplet contains one gauge field, two gauginos and one real scalar
(Aµ, λi, φ) (3.2)
Each hypermultiplet contains two hyperinos and four real scalars(
ζA, qX
)
(3.3)
We will not consider here tensor multiplets.
We start by describing the general structure of one supergravity multiplet coupled to
nV vector multiplets and nH hypermultiplets [18]. The scalar manifold in this case is a
direct product of a ”very special manifold” [19, 20] and a quaternionic Ka¨hler manifold
M = S(nV )×Q(nH) (3.4)
The S manifold is the nV -dimensional target space of the φx scalars and x = 1, . . . , nV are
the curved indices labeling the coordinates on S. The Q manifold is the 4nH -dimensional
target space of the qX scalars and X = 1, . . . , 4nH are the curved indices labeling the
coordinates on Q. The holonomy group of the manifold Q is a direct product of USp(2) '
SU(2) and some subgroup of the symplectic group in 2nH dimensions
G ≡ Hol(Q) = SU(2)× USp(2nH) ⊂ SU(2)× Sp(2nH ,R) (3.5)
The SU(2) factor is the R-symmetry group and the index i = 1, 2 corresponds to it fun-
damental representation. The index A = 1, . . . , 2nH correspond to the fundamental repre-
sentation of USp(2nH).
The gauging of matter fields coupled to N = 2 supergravity theory is achieved by
identifying the gauge group K as a subgroup of the isometries G of the product space M.
Two main cases are known in the literature (see [21, 22] for reviews):
1. K is non-Abelian
2. K = U(1)nV +1
In the first case, supersymmetry requires K to be a subgroup of the fullM. In the Abelian
case, the S manifold is not required to have any gauged isometries. The action of the gauge
group K on the scalar manifold M is
qX → qX + IKXI (q)
φx → φx + IKxI (φ)
(3.6)
for infinitesimal parameter I . The index I = 0, . . . , nV runs over the gauge fields (one
graviphoton plus nV gauge fields of the vector multiplets). K
X
I (q) are the Killing vectors
of the gauged isometries on the quaternionic scalar manifold and KxI (φ) are those of the
very special manifold.
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3.1 The S manifold
The scalars of the vector multiplets can be described by a hypersurface in an (n + 1)-
dimensional space
CIJKh
I(φ)hJ(φ)hK(φ) = 1 (3.7)
The real coefficients CIJK determine the metric of a ”very special geometry” [19, 20]
aIJ ≡− 2CIJKhK + 3CIKLCJMNhKhLhMhN = hIhJ + hxIhxJ ,
gxy ≡hIxhJyaIJ , hI = CIJKhIhK , hIx ≡ −
√
3
2
∂xh
I(φ)
(3.8)
3.2 The Q manifold
The quaternionic Ka¨hler geometry is determined by 4nH -beins f
iA
X . The SU(2) index
i = 1, 2 is raised and lowered by the  symbol. The Sp(2nH) index A = 1, . . . , 2nH is raised
and lowered by the symplectic matrix CAB (see appendix C).
The metric on the hyperscalar manifold is given by
gXY = f
iA
X f
jB
Y ijCAB = f
iA
X fY iA (3.9)
This implies that the vielbeins satisfy
fXiAf
iA
Y = δ
X
Y , f
X
iAf
jB
X = δ
j
i δ
B
A (3.10)
and they are also covariantly constant
∂Xf
iA
Y − ΓZXY f iAZ + f iBY ωXB A + ωXk ifkAY = 0 (3.11)
ΓZXY is the Levi-Civita connection on the hyperscalar manifold, ωXB
A is the Sp(2nH)
connection and ωXi
j is the SU(2) spin connection. The SU(2) curvature is
RXY ij = fXA(ifAj)Y (3.12)
The SU(2) curvature can be expressed in terms of the SU(2) spin connection
RXY ij = 2∂[XωY ]ij − 2ω[XikωY ]kj (3.13)
The SU(2) curvature can be decomposed in terms of SU(2) triplets
RXY ij = iRrXY (τ r)i j (3.14)
where r = 1, 2, 3 and (τ r)i
j are the three Pauli matrices (see appendix C). The triplet of
curvatures satisfy the following identity
RrXYRsY Z = −
1
4
δrsδX
Z +
1
2
rstRtXZ (3.15)
In differential form the curvature triplets are expressed in terms of spin connection triplets
as
Rr = dωr − rstωsωt (3.16)
– 7 –
The prepotentials associated with the Killing vectors are given by
P rI =
1
2nH
RrXYDXKIY (3.17)
and the inverse relation is
KXI = −
4
3
RrXYDY P rI (3.18)
For more details see [18].
3.3 The Lagrangian
The bosonic part of the Lagrangian, of an N = 2 supergravity coupled to nV vector
multiplets and nH hypermultiplets, in Lorentzian signature is
L =− 1
2
R− 1
4
aIJF
I
µνF
Jµν − 1
2
gXYDµqXDµqY − 1
2
gxyDµφxDµφy
+
1
6
√
6
CIJK
µνρστF IµνF
J
ρσA
K
τ − g2V
(3.19)
where we are using the mostly minus signature and the gauge-covariant derivatives are
DµqX = ∂µqX + gAIµKXI (q)
Dµφx = ∂µφx + gAIµKxI (φ)
(3.20)
With these notations the coupling g is related to the AdS radius L via
g =
1
L
(3.21)
From now on we set the AdS radius to L = 1.
3.4 Supersymmetry transformations
The bosonic part of the supersymmetry transformations of the fermions (with vanishing
vectors) are
δψµi =Dµ(ω)i − ωµi jj + i 1√
6
gγµPij
j
δλxi =− i
1
2
(/∂φx)i + gP
x
ij
j
δζA =− i1
2
fAiX(/∂q
X)i + giNAi
(3.22)
where ωµi
j = (∂µq
X)ωXi
j and Dµ(ω) = ∂µ +
1
4γabω
ab
µ (ω
ab
µ is the spacetime connection).
The two spinors i obey the symplectic Majorana condition (see appendix B for more
details on the gamma matrices in five dimensions)
2 = γ5
∗
1 (3.23)
NAi is a function of the Killing vectors associated with the gauged isometries
NAi =
√
6
4
fAiXK
X , KX = hI(φ)KXI (q) (3.24)
– 8 –
Pij is a function of the prepotentials associated with the gauged isometries P
r
I . The de-
pendence is as follows: first, Pij can be decomposed in terms of SU(2) triplets P
r (see
appendix C)
Pij = iP
r(τ r)ij (3.25)
which are, in turn, related to the prepotentials
P r = hI(φ)P rI (q) (3.26)
In addition, we define
P rx = −
√
3
2
∂xP
r, P xij = −
√
3
2
∂xPij (3.27)
3.5 The scalar potential and a Bogomolnyi form
The scalar potential is given by the following expression
V = −4P rP r + 2P rxP ry gxy + 2NiAN iA (3.28)
In some cases the scalar potential can be brought to the Bogomolnyi form which is described
by an N = 1 superpotential. To show this we first define a superpotential
W ≡
√
1
3
PijP ij =
√
2
3
P rP r (3.29)
The first term in (3.28) can obviously be written using the superpotential. Less obviously,
the last term can also be expressed using W [18]
2NiAN iA = 3
4
gXYKXKY =
9
2
gXY ∂XW∂YW (3.30)
where we have used
∂XW =
2
3W
P rDXP
r =
2
3W
P rRrXYKY (3.31)
and (3.15). We would like to emphasize that the analysis above is general and indepedent
of the spacetime metric. In particular, it is valid for both compact and non-compact
spacetimes.
By decomposing the prepotentials into their norms and phases
P r =
√
3
2
WQr, QrQr = 1 (3.32)
the contribution from the vector multiplet scalars can be brought to a similar form
2P rxP
r
y g
xy =
9
2
gxy∂xW∂yW +
9
2
W 2 (∂xQ
r) (∂xQr) (3.33)
The potential is therefore given by [23, 24]
V = −6W 2 + 9
2
gΛΣ∂ΛW∂ΣW +
9
2
W 2 (∂xQ
r) (∂xQr) (3.34)
– 9 –
where gΛΣ is the metric of the complete scalar manifold.
When the phases Qr depend only on the quaternions
∂xQ
r = 0 (3.35)
the potential takes the Bogomolnyi form
V = −6W 2 + 9
2
gΛΣ∂ΛW∂ΣW (3.36)
An important implication of this analysis is that an N = 2 supergravity theory without
vector multiplets is described by the Bogomolnyi potential (3.36) and the superpotential
(3.29). In particular, the theory that we study in section 5 contains two hypermultiplets and
no vector multiplets and therefore has a description in terms of an N = 1 superpotential.
On the other hand, in section 4 we study the theory with nV = nH = 1, which, in
general, does not admit the constraint (3.35), and therefore its scalar potential cannot be
brought to the Bogomolnyi form. We find that only particular truncations of the theory,
which correspond to flat-sliced domain walls, satisfy the condition (3.35), in which case the
potential can be written in the form (3.36), but otherwise it is impossible.
3.6 Domain walls with S4 boundary
The main purpose of this paper is to study domain wall solutions with an S4 boundary
metric. The five dimensional bulk metric is therefore given by
ds2 = dr2 + e2A(r)ds2S4 (3.37)
where ds2S4 is the metric of a unit four-sphere. The Ricci scalar and metric determinant
are given by
R = e−2A(r)RS4 − 20A′ 2 − 8A′′√
g =
√
gS4e
4A(r)
(3.38)
where RS4 = 48 is the Ricci scalar of a unit four-sphere.
We now wish to study the equations of motion for configurations that preserve Eu-
clidean symmetry on the four-sphere. Euclidean symmetry implies that the vector fields
are set to zero and the scalars are functions of the radial coordinate only. The equations
of motion that follow from the Lagrangian (3.19) are then given by
3A′′ + 6A′ 2 − 3e−2A − 1
2
gΛΣ∂rΦ
Λ∂rΦ
Σ − V = 0
∂r
(
e4AgΛΣ∂rΦ
Σ
)
+ e4A∂ΛV = 0
(3.39)
where ΦΛ stands for all the scalar fields. In addition, the Einstein equations also imply the
following constraint equation
6(A′ 2 − e−2A) + 1
2
gΛΣ∂rΦ
Λ∂rΦ
Σ − V = 0 (3.40)
For examples of domain-wall solutions in N = 2 supergravity we refer to [25–28].
– 10 –
4 The Leigh-Strassler flow
As a warmup exercise, in this section we describe the Leigh-Strassler flow, where only
one of the three chiral multiplets of N = 4 SYM becomes massive. The gravity dual of
this theory is N = 2 supergravity coupled to one vector multiplet and one hypermultiplet
(nV = nH = 1) [9]. We describe the universal hypermultiplet, which is part of this theory,
in order to prepare the ground for the study of the theory coupled to two hypermultiplets
in section 5.
The scalar manifold of the theory with one vector multiplet and one hypermultiplet is
given by [9]
M = O(1, 1)× SU(2, 1)
SU(2)× U(1) (4.1)
The first factor in M is a ”very special manifold” describing the one scalar in the vector
multiplet
φ = β (4.2)
The coset factor in M is a quaternionic Ka¨hler manifold describing the four scalars in the
hypermultiplet
qX = (z1, z2, z¯1, z¯2) (4.3)
We start by describing the manifold and its isometries. Then we describe the gauging of
an Abelian U(1)× U(1) subgroup of the quaternionic manifold.
4.1 The very special manifold
The metric on the very special manifold is given by
gββ = 12 (4.4)
The constants CIJK can be chosen to be all but C011 equal to zero. We can further impose
that aIJ is diagonal, and together with the constraint to the surface (3.8) we then get
C011 =
√
3
2
, h0 =
1√
3
e−4β, h1 =
√
2
3
e2β
a00 = e
8β, a11 = e
−4β, a01 = 0
(4.5)
4.2 The universal hypermultiplet
The Ka¨hler potential on the quaternionic manifold is given by
K = − log(1− |z1|2 − |z2|2) (4.6)
The kinetic term in our notations is than
Lkinetic = Kαβ¯DµzαDµz¯β¯ =
1
2
gXYDµqXDµqY (4.7)
where
Kαβ¯ = ∂α∂β¯K (4.8)
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The resulting manifold is the complex projective plane (CP2). The Bergman metric on
CP2 is [29, 30]
Kαβ¯dzαdz¯β¯ =
|dz1|2 + |dz2|2
1− |z1|2 − |z2|2 +
|z¯1dz1 + z¯2dz2|2
(1− |z1|2 − |z2|2)2
(4.9)
We now introduce a polar system of coordinates on CP2
z1 = R cos
(
θ
2
)
ei
φ+ψ
2
z2 = R sin
(
θ
2
)
ei
−φ+ψ
2
(4.10)
where all the field qX = (R, θ, φ, ψ) are real. It is most convenient to describe the quater-
nionic Ka¨hler manifold in this system of coordinates. The Ka¨hler metric is than given
by
Kαβ¯dzαdz¯β¯ =
dR2
(1−R2)2 +
R2
4(1−R2)
(
σ21 + σ
2
2
)
+
R2
4(1−R2)2σ
2
3 (4.11)
where the SU(2) one-forms are
σ1 = + cosψdθ + sinψ sin θdφ
σ2 = − sinψdθ + cosψ sin θdφ
σ3 = dψ + cos θdφ
(4.12)
The metric can be written using the vielbeins
Kαβ¯dzαdz¯β¯ = ηabeaeb = eReR + e1e1 + e2e2 + e3e3
eR =
dR
1−R2 , e
3 =
R
2(1−R2)σ3, e
1/2 =
R
2
√
1−R2σ1/2
(4.13)
One can then define the complex vielbeins
u = − R
2
√
1−R2 (σ2 + iσ1)
v = +
1
1−R2
(
dR− iR
2
σ3
) (4.14)
and with f iA = f iAX dq
X
f iA =
(
u −v
v¯ u¯
)
, fiA =
(
u¯ −v¯
v u
)
(4.15)
in terms of which the metric is given by g = f iA ⊗ fiA = 2(uu¯+ vv¯).
Using the vielbeins we can derive the SU(2) curvature
Rij = −1
2
fiA ∧ f jA = −1
2
(
−(u ∧ u¯+ v ∧ v¯) 2u¯ ∧ v¯
−2u ∧ v (u ∧ u¯+ v ∧ v¯)
)
(4.16)
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which can be decomposed into SU(2) triplets 1
R1 = R
4 (1−R2)3/2
[2 dR ∧ σ1 +R σ2 ∧ σ3]
R2 = R
4 (1−R2)3/2
[−2 dR ∧ σ2 +R σ1 ∧ σ3]
R3 = R
4 (1−R2)2
[
2 dR ∧ σ3 +R
(
1−R2)σ1 ∧ σ2]
(4.17)
The curvature triplets can be derived from the following SU(2) connections (using equation
(3.16))
ω1 = +
σ1
2
√
1−R2 , ω
2 = − σ2
2
√
1−R2 , ω
3 = +
1
4
2−R2
1−R2σ3 (4.18)
The isometry of this space is SU(2, 1). The eight generators of SU(2, 1) can be classified
as follows:
1. The generators of the compact subgroup SU(2)× U(1).
2. The generators of the non-compact coset SU(2,1)SU(2)×U(1) .
Since eventually we will be interested in gauging compact isometries, we concentrate
here on the generators of the compact subgroup SU(2) × U(1), which are given by the
following Killing vectors
SU(2)

k1 = sinφ∂θ + cosφ (+ cot θ ∂φ − csc θ ∂ψ)
k2 = cosφ∂θ + sinφ (− cot θ ∂φ + csc θ ∂ψ)
k3 = + ∂φ
U(1)
{
k4 = − ∂ψ
(4.19)
(for the more details about the SU(2, 1) algebra and its generators see appendix D). The
action of the SU(2) subgroup corresponds to ”rotations” of the two complex coordinates
z1, z2, and the three generators (k1, k2, k3) fulfill the SU(2) algebra [km, kn] = imnlkl. k3
is the generator of the Abelian subgroup inside SU(2) which corresponds to translations
in φ. The U(1) subgroup, represented by the generator k4, corresponds to translations in
ψ. These two Abelian U(1) subgroups generate phase transformations in z1, z2, and are
precisely the ones we want to gauge.
We end the discussion on the ungauged quaternionic Ka¨hler manifold with the prepo-
tentials associated with the Killing vectors. The prepotentials can be derived using equation
(3.17). The prepotentials associated with the Killing vectors of the gauged isometries k3
and k4 are given by
p3 = − 1
2
√
1−R2
 sin θ sinψ− sin θ cosψ
2−R2
2
√
1−R2 cos θ
 , p4 = R2
4(1−R2)
 00
1
 (4.20)
1We follow the conventions of [18]. In order to translate to the conventions of [30], one has to multiply
the SU(2) curvature Ri by 2, and the connections ωi by -2.
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U(1)12 U(1)34 U(1)56
z1 −1 −1 +1
z2 0 0 +2
Table 1. The charges of the fields under rotations in R6.
The prepotentials associated with the rest of the isometries do not play any role here, but
they can be derived in a similar way (and are given in appendix D only for completeness).
4.3 The gauging
As explained at the end of the previous subsection, we want to gauge the Abelian U(1)×
U(1) subgroup of SU(4) ' SO(6)
U(1)× U(1) ⊂ SU(2)× U(1) ⊂ SU(4) (4.21)
Along the flow both U(1)’s are in general broken2. In the UV fixed point both are preserved,
since they are part of the SU(4) symmetry of N = 4 SYM. The Leigh-Strassler fixed point
in the IR preserves only a linear combination U(1)V of them, while another combination
U(1)B becomes massive and is therefore broken. U(1)V corresponds to the graviphoton A
1
and U(1)B corresponds to the gauge vector A
0.
From the field theory point of view, U(1)B corresponds to U(1)56 and U(1)V correspond
to the linear combination U(1)12 + U(1)34, where U(1)ij represent SO(2) rotations in the
i− j plane in R6.
Next, we want to understand how the fields transform under the subgroups U(1)V and
U(1)B of SO(6). To do this, we group the R6 coordinates x1, . . . , x6 into three complex
combinations
y1 = x1 + ix2, y2 = x3 + ix4, y3 = x5 + ix6 (4.22)
z1 corresponds to the fermion mass term and therefore transform as the 3-form dy¯1 ∧dy¯2 ∧
dy3. z2 corresponds to the boson mass term and therefore transform as y
2
3. Therefore the
charges of the fields under rotations in R6 are given by the values in table 1.
The kinetic term in the bulk is therefore given by
Lkinetic = 1
2
[
(dA0)2 + 2(dA1)2
]
+
∣∣(∂ − iA0 + 2iA1) z1∣∣2 + ∣∣(∂ − 2iA0) z2∣∣2 + . . . (4.23)
The factor of 2 in front of (dA1)2 is due to the fact that the graviphoton A1 corresponds to
the diagonal combination U(1)12 + U(1)34. Normalizing A
0 as in (3.19) (i.e. A0 → √2A0
2Particular solutions might still preserve the gauged isometries, or part of them, as will be discussed in
section 4.5.
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in (4.23)) and changing coordinates to (4.10) we then have
Lkinetic = (dA0)2 + (dA1)2
+
1
2
∣∣∣(∂φ)2 −√2iA0 − 2iA1∣∣∣2
+
1
2
∣∣∣(∂ψ)2 + 3i√2A0 − 2iA1∣∣∣2 + . . .
(4.24)
The fields R and θ are not charged under the gauge groups. The Killing vectors of the
gauged isometries KXI (q) are therefore given by
~K0 =
√
2

0
0
1
-3
 , ~K1 = 2

0
0
1
1
 (4.25)
We can express this result in differential form and using the Killing isometries of the
manifold (4.19)
K0 = K
X
0 dq
X =
√
2 (dφ− 3dψ) =
√
2 (k3 + 3k4)
K1 = K
X
1 dq
X = 2 (dφ+ dψ) = 2 (k3 − k4)
(4.26)
The corresponding prepotentials P rI are then given by the same combinations of the asso-
ciated prepotentials p3 and p4
P r0 =
√
2 (p3 + 3p4) =
√
2
(
sin θ sinψ√
1−R2 , −
sin θ cosψ√
1−R2 ,
(2−R2) cos θ−3R2
2(1−R2)
)
P r1 = 2 (p3 − p4) = 2
(
sin θ sinψ√
1−R2 , −
sin θ cosψ√
1−R2 ,
(2−R2) cos θ+R2
2(1−R2)
) (4.27)
Now we basically have all the information needed to evaluate the potential (3.28) and BPS
equations (3.22), but before doing so we first want to discuss some aspects of the gauging.
4.4 A different system of coordinates
At this point we would like to make a connection with another system of coordinates that
appear in the literature
z1 = −i z − z¯
1 + |z|2 e
iφ+ψ
2
z2 =
z + z¯
1 + |z|2 e
i−φ+ψ
2
(4.28)
This system of coordinates is very similar to the polar system of coordinates (4.10) - φ and
ψ are defined in the same way, while R and θ are related to z and z¯ by
R =
2|z|
1 + |z|2 , tan
θ
2
= i
z + z¯
z − z¯ (4.29)
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4.5 The gauged isometries
The Abelian gauge group U(1) × U(1) is completely broken along the flow. This can be
understood by examining the mechanism that gives mass to the vector fields. A vector
mass term can come from the kinetic term of the hypermultiplet scalars, which takes the
form (3.19)
− 1
2
(
∂µq
X + g2AIµK
X
I
)2
(4.30)
We see that, due to the gauge covariant derivative, a vector mass term is generated
g2AµA
µ |K|2, where Aµ is in general a linear combination of the gauge fields and KX
is the corresponding Killing vector. The vector mass is then proportional to
m2A ∼ |K|2 (4.31)
where |K| is the norm of the corresponding Killing vector |K|2 ≡ gXYKXKY . Whenever
|K| 6= 0, the corresponding vector field is massive and as a consequence the gauge group
associated with it is broken. Whenever |K| = 0, on the other hand, the corresponding
vector field remains massless and the associated gauge group is preserved.
To understand how the gauge group is broken we therefore have to evaluate the norm
of the Killing vectors in our theory
|K0|2 = R2 10− 6 cos θ −R
2 sin2 θ
(1−R2)2 =
4
(
3zz¯2 + z + z¯3 + 3z¯
) (
z
(
z2 + 3zz¯ + 3
)
+ z¯
)
(1− |z|2)4
|K1|2 = 2R2 2 + 2 cos θ −R
2 sin2 θ
(1−R2)2 = −
8
(
1− z2) (1− z¯2)
L2(1− |z|2)4 (z − z¯)
2
|KR|2 = 8R2 2− 2 cos θ −R
2 sin2 θ
(1−R2)2 =
32
(
1 + z2
) (
1 + z¯2
)
L2(1− |z|2)4 (z + z¯)
2
(4.32)
where we have defined
KR ≡
√
2K0 +K1 (4.33)
for reasons that will become clear shortly. Along the flow, both |K0| and |K1| are non-zero,
and therefore U(1)× U(1) is completely broken.
Let us now examine the behavior at the fixed points. The UV and Leigh-Strassler IR
fixed points are located at
UV fixed point: z = z¯ = 0 ⇐⇒ R = 0
LS IR fixed point: z = −z¯ = i
√
7 + 4
√
3 ⇐⇒
R =
√
7+4
√
3
4+2
√
3
θ = 0
(4.34)
The values of the norms of K0,K1 and KR at these points are presented in table 2. At
the UV fixed point both K0 and K1 are massless, as expected, since the corresponding
U(1) × U(1) gauge group is part of the SU(4) ' SO(6) symmetry group of N = 4 SYM.
At the Leigh-Strassler fixed point in the IR, on the other hand, both of them become
massive. However, the linear combination KR remains massless. This means that the
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UV IR
|K0|2 0 169
|K1|2 0 329
|KR|2 0 0
θ = 0 or z¯ = −z θ = pi or z¯ = z
|K0|2 4R2(1−R2)2
16R2
(1−R2)2
|K1|2 8R2(1−R2)2 0
|KR|2 0 32R2(1−R2)2
Table 2. Left: The values of the norms of the Killing vectors at the UV and IR fixed points.
While at the UV fixed point both U(1)’s are preserved, at the IR fixed point only the linear
combination U(1)R is preserved. Right: The norms of the Killing vectors in two flat-sliced domain
wall truncations. In the first truncation θ = 0 the isometry U(1)R is preserved all along the flow,
while in the second truncation U(1)V is preserved along the flow.
Leigh-Strassler fixed point preserves a residual U(1)R ⊂ SU(4) symmetry corresponding
to the linear combination KR, as expected.
Finally, we would like to consider two truncations to flat-sliced domain walls, as sug-
gested by the result (4.32). The first truncation is set by z¯ = −z (or θ = 0), and corresponds
to the FGPW flow in flat spacetime. It is evident that while K0 and K1 become massive,
the diagonal combination KR remains massless all along the flow. As expected, the FGPW
flow therefore preserves a residual U(1)R ⊂ SU(4) symmetry. The second truncation is set
by z¯ = z (or θ = pi). This flow preserves the U(1)V part of SU(4) which corresponds to
K1. Note that U(1)B, which is associated with K0, is always broken (except for the UV
fixed point), and hence deserves the subscript B ( ¨^ ).
4.6 The scalar potential
Finally, we have all the information needed to evaluate the scalar potential (3.28). Using
the complex vielbeins (4.15) and the Killing vectors of the gauged isometries (4.25) we can
evaluate N iA
N iA = −e−4β R
4
√
1−R2
 eiψ (1 + 2e6β) sin θ i2e6β(cos θ+1)+cos θ−3√1−R2
i2e
6β(cos θ+1)+cos θ−3√
1−R2 e
iψ
(
1 + 2e6β
)
sin θ
 (4.35)
The last term in the potential (3.28) is therefore given by
N iANiA = e
−8βR2
8(1−R2)2
[(
2e6β(cos θ + 1) + cos θ − 3
)2
+ (1 + 2e6β)2
(
1−R2) sin2 θ]
(4.36)
The first two terms in (3.28) are simple functions of the prepotentials we found (4.27).
Plugging it all together we find
V = R2
10− 6 cos θ −R2 sin2 θ
4 (1−R2)2 e
−8β − 22 +R
2(1− cos θ)
1−R2 e
−2β − 2(1− 2R
2) + sin2 θ2(cos θ + 3)R
4
(1−R2)2 e
4β
(4.37)
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Changing variables to (4.29)
V =
|z1|2 + 4|z2|2 − |z1|2|z2|2
(1− |z1|2 − |z2|2)2 e
−8β − 4(1 + |z2|
2)
1− |z1|2 − |z2|2 e
−2β + 2
(
−1 + |z1|
4
(1− |z1|2 − |z2|2)2
)
e4β
(4.38)
The equations of motion that result from this potential imply that both phases φ, ψ are
constants. The case with constant phases was studied in [4].
5 The G2,2/SU(2)× SU(2) coset model
We now turn to study the main objective of this paper, which is the gravity dual of the
N = 1∗ theory with masses
m1 = m2 = m3 = m
m˜1 = m˜2 = m˜3 = m˜
m 6= m˜
(5.1)
In this case the theory is invariant under a global SO(3) symmetry group.
In general, the superpotential of the N = 1∗ theory is given by the following expression
W =
√
2gYMf
abcZa1Z
b
2Z
c
3 +
1
2
3∑
i=1
mijZ
a
i Z
a
j (5.2)
The first term in (5.2) preserves the full SU(4) R-symmetry of N = 4 SYM, although only
the subset SU(3) × U(1)R ⊂ SU(4) is manifest. The mass term breaks, in general, the
SU(3) symmetry, leaving only a U(1)R factor inside SU(4) unbroken. However, in the case
mij = mδij , the subgroup SO(3) ⊂ SU(3) is also preserved. We are therefore interested in
the decomposition
SU(4) ' SO(6)→ SO(3)× U(1)R (5.3)
SO(3) can also be thought of as the diagonal subgroup of SO(3)× SO(3) ⊂ SO(6)(
SO(6)
)
=
(
SO(3) 0
0 SO(3)
)
(5.4)
The spectrum of deformations of the theory is classified by their transformation prop-
erties under the global symmetries. To understand this classification, let us recall how
SU(4) representations decompose under SU(4)→ SO(3)× U(1)R:
4→ 31 + 1−3
6→ 32 + 3−2
10→ 52 + 3−2 + 12 + 1−6
20′ → 54 + 5−4 + 50 + 30 + 14 + 1−4
(5.5)
The notation for the decomposition is JQ, where J is the SO(3) representation and Q is
related to the U(1)R charge by R = −13Q. The 4 and 10 are complex and therefore the
spectrum also contains their complex conjugates 4 and 10. The 6 and the 20′ are real.
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Now we can make the connection with the spectrum of operators that was discussed
in section 2. The 1∓6 inside 10 and 10 are the left-handed and right-handed gaugino
bilinears. The 1±2 inside 10 and 10 are the fermion blinears. The 1±4 inside 20′ are
the scalar deformations. Together with the gauge kinetic term and the θ-term, which are
dual to the dilaton and the axion, and are singlets under SU(4), we have eight scalar
deformations.
The gravity dual of this theory is the SO(3)-invariant sector of N = 8 supergravity,
which can be consistently truncated to N = 2 gauged supergravity coupled to nH = 2
hypermultiplets and no vector multiplets nV = 0 [9]. The scalar fields parameterize a
quaternionic manifold given by the coset
M = Q = G2,2
SU(2)× SU(2) ⊂
E6,6
USp(8)
=MN=8 (5.6)
where G2,2 is the non-compact form of the exceptional Lie group G2. See [9–11, 31–33] for
more works in the subject.
5.1 Group theory
In this subsection we describe the group G2,2, following [34] (see also [35–37]). The fourteen
generators of G2,2 are given by(
E,H,F, Y0, Y±, EqI , EpI , FqI , FpI
)
, I = 0, 1 (5.7)
They obey the universal commutation relations
[E,F ] = H, [H,E] = 2E, [H,F ] = −2F,
[EpI , EqJ ] = −2δIJE, [FpI , FqJ ] = 2δIJF,
[EpI , EpJ ] = 0, [FpI , FpJ ] = 0, [EqI , EqJ ] = 0, [FqI , FqJ ] = 0,
[H,EpI ] = EpI , [H,FpI ] = −FpI , [H,EqI ] = EqI , [H,FqI ] = −FqI ,
[F,EpI ] = −FqI , [E,FqI ] = −FpI , [F,EqI ] = FpI , [E,FpI ] = EqI
(5.8)
the SL(2,R) sub-algebra
[Y0, Y±] = ±Y±, [Y−, Y+] = Y0 (5.9)
under which E and F are singlets
[Y0, E] = [Y±, E] = [Y0, F ] = [Y±, F ] = 0 (5.10)
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and Ep,q and Fp,q transform as a spin 3/2Y0,

Ep0
Ep1
Eq1
Eq0

 = 12

3Ep0
Ep1
−Eq1
−3Eq0
 ,
Y0,

Fp0
Fp1
Fq1
Fq0

 = 12

−3Fp0
−Fp1
Fq1
3Fq0
 ,
Y+,

Ep0
Ep1
Eq1
Eq0

 =

0√
3
2Ep0
−√2Ep1
−
√
3
2Eq1
 ,
Y+,

Fp0
Fp1
Fq1
Fq0

 =

−
√
3
2Fp1√
2Fq1√
3
2Fq0
0
 ,
Y−,

Ep0
Ep1
Eq1
Eq0

 =

−
√
3
2Ep1√
2Eq1√
3
2Eq0
0
 ,
Y−,

Fp0
Fp1
Fq1
Fq0

 =

0√
3
2Fp0
−√2Fp1
−
√
3
2Fq1

(5.11)
Finally, they also obey the following commutation relations
= H + 2Y0, [Eq0 , Fq0 ] = H − 2Y0,
[Ep1 , Fp1 ] =
1
3
(3H + 2Y0), [Eq1 , Fq1 ] =
1
3
(3H − 2Y0),
[Ep1 , Fq1 ] = −
4
√
2
3
Y+, [Eq1 , Fp1 ] = +
4
√
2
3
Y−
(5.12)
5.2 The maximal (compact) subgroup SU(2)× SU(2)
The maximal subgroup of the coset is the compact group SU(2)×SU(2). Let us introduce
a basis that manifest the compact generators:
J1 =
1
4
√
2
(
−Ep0 −
√
3Eq1 + Fp0 +
√
3Fq1
)
J2 =
1
4
√
2
(
−
√
3Ep1 + Eq0 +
√
3Fp1 − Fq0
)
J3 =
1
4
(F − E) + 1
2
√
2
(Y+ + Y−)
(5.13)
S1 =
1
4
√
3
2
(
−
√
3Ep0 + Eq1 +
√
3Fp0 − Fq1
)
S2 =
1
4
√
3
2
(
Ep1 +
√
3Eq0 − Fp1 −
√
3Fq0
)
S3 =
3
4
(F − E)− 1
2
√
2
(Y+ + Y−)
(5.14)
Both sets of generators, Ji and Si with i = 1, 2, 3, separately obey the SU(2) algebra
[Ji, Jj ] = −ijkJk
[Si, Sj ] = −ijkSk
(5.15)
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J3
S3
1/2 1/2
1/2
 1/2
J 1
2 ,
1
2 J 1
2 ,
3
2
J 1
2 ,  32
J  12 ,  32 J  12 , 32J  12 , 12J  12 ,  12
J 1
2 ,  12
J 
J+
S+S 
1
1
 1
 1 3/2 3/2
Figure 1. Root diagram of the group G2,2. The compact roots are indicated with a circle. The
subscript on J denotes the eigenvalues under (−iJ3,−iS3).
The two sets of SU(2)’s commute with each other
[Ji, Sj ] = 0 (5.16)
We also define
J± = J1 + iJ2
S± = S1 + iS2
(5.17)
The root diagram of the group G2,2 is described in figure 1.
5.3 Non-compact generators
In addition to the 6 compact generators of the coset, there are also 8 non-compact gener-
ators given by
J 1
2
,− 3
2
= (J− 1
2
, 3
2
)∗ =
−Ep0 − i
√
3(Ep1 − iEq1) + iEq0 − Fp0 − i
√
3(Fp1 − iFq1)− iFq0
2
√
2
J 1
2
,− 1
2
= (J− 1
2
, 1
2
)∗ =
√
2
3
(
Yp − Ym − i
√
2Y0
)
J 1
2
, 1
2
= (J− 1
2
,− 1
2
)∗ =
√
3(Ep0 + iEq0) + i(Ep1 + iEq1) +
√
3(Fp0 + iFq0) + i(Fp1 + iFq1)
2
√
2
J 1
2
, 3
2
= (J− 1
2
,− 3
2
)∗ = −E − F − iH
(5.18)
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5.4 Parameterization of the coset model
We now describe the eight dimensional coset model G2,2/SU(2)×SU(2) using the coordi-
nates
(
τ1, τ2, ζ
0, ζ1, ζ˜0, ζ˜1, U, σ
)
. We define τ = τ1 + iτ2. The metric on the scalar manifold
(corresponding to the metric gXY in the notation of (3.19)) is then
ds2 = 2(uu¯+ vv¯ + e1e¯1 + E1E¯1) (5.19)
where the vielbeins are given by
u =
e−U
2
√
2τ
3/2
2
(
dζ˜0 + τdζ˜1 + 3τ
2dζ1 − τ3dζ0
)
v = dU +
i
2
e−2U
(
dσ − ζ0dζ˜0 − ζ1dζ˜1 + ζ˜0dζ0 + ζ˜1dζ1
)
e1 =
i
√
3
2τ2
dτ
E1 = − e
−U
2
√
6τ
3/2
2
(
3dζ˜0 + (τ¯ + 2τ)dζ˜1 + 3τ(2τ¯ + τ)dζ
1 − 3τ¯ τ2dζ0
)
(5.20)
The complexified vielbeins are therefore
f iA =
(
u −v e1 −E1
v¯ u¯ E¯1 e¯
1
)
, fiA =
(
u¯ −v¯ e¯1 −E¯1
v u E1 e
1
)
(5.21)
in terms of which the metric is given by g = f iA ⊗ fiA = 2(uu¯+ vv¯ + e1e¯1 + E1E¯1).
Using the vielbeins we can derive the SU(2) curvature
Rij = −1
2
fiA ∧ f jA =
− 1
2
(
−(u ∧ u¯+ v ∧ v¯ + E1 ∧ E¯1 + e1 ∧ e¯1) 2(u¯ ∧ v¯ + E¯1 ∧ e¯1)
−2(u ∧ v + E1 ∧ e1) (u ∧ u¯+ v ∧ v¯ + E1 ∧ E¯1 + e1 ∧ e¯1)
)
(5.22)
which can be decomposed into SU(2) triplets
R1 = − i
2
(
u ∧ v − u¯ ∧ v¯ + E1 ∧ e1 − E¯1 ∧ e¯1
)
R2 = −1
2
(
u ∧ v + u¯ ∧ v¯ + E1 ∧ e1 + E¯1 ∧ e¯1
)
R3 = − i
2
(
u ∧ u¯+ v ∧ v¯ + E1 ∧ E¯1 + e1 ∧ e¯1
) (5.23)
The curvature triplets can be derived from the following SU(2) connections (using equation
(3.16))
ω1 = − i
2
(u− u¯), ω2 = −1
2
(u+ u¯), ω3 = − i
4
(v − v¯) + i
√
3
4
(e1 − e¯1) (5.24)
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Using this parameterization, the Killing vectors of G2,2 take the form
E = (0, 0, 0, 0, 0, 0, 0, 1) , H =
(
0, 0,−ζ0,−ζ1,−ζ˜0,−ζ˜1,−1,−2σ
)
Ep0 =
(
0, 0, 0, 0, 1, 0, 0,−ζ0) , Eq0 = (0, 0,−1, 0, 0, 0, 0,−ζ˜0)
Ep1 =
(
0, 0, 0, 0, 0,
√
3, 0,−
√
3ζ1
)
, Eq1 = −
1√
3
(
0, 0, 0, 1, 0, 0, 0, ζ˜1
) (5.25)
Y0 =
1
2
(
−2τ1,−2τ2, 3ζ0, ζ1,−3ζ˜0,−ζ˜1, 0, 0
)
Y+ =
1√
2
(
1, 0, 0, ζ0,−ζ˜1,−6ζ1, 0, 0
)
Y− =
1√
2
(
τ21 − τ22 , 2τ1τ2,−3ζ1,
2ζ˜1
3
, 0, 3ζ˜0, 0, 0
) (5.26)
Here we display 9 of the fourteen Killing vectors. The others are more complicated and
can be found in appendix F.
Using equation (3.17) we can then calculate the Killing prepotentials associated with
the Killing vectors
E˜ =
 00
−14e−2U
 , H˜ = e−U
2
√
2τ
3/2
2

τ2
(
ζ˜1 − 3τ21 ζ0 + τ22 ζ0 + 6τ1ζ1
)
−τ1
(
ζ˜1 + 3τ
2
2 ζ
0
)
− ζ˜0 + τ31 ζ0 − 3τ21 ζ1 + 3τ22 ζ1√
2στ
3/2
2 e
−U

E˜p0 =
e−U
2
√
2τ
3/2
2
 01√
2τ
3/2
2 ζ
0e−U
 , E˜q0 = e−U
2
√
2τ
3/2
2
 τ32 − 3τ21 τ2τ31 − 3τ1τ22√
2τ
3/2
2 ζ˜0e
−U

E˜p1 =
3e−U
2
√
6τ
3/2
2
 −τ2τ1√
2τ
3/2
2 ζ
1e−U
 , E˜q1 = e−U
2
√
6τ
3/2
2
 6τ1τ23 (τ22 − τ21 )√
2τ
3/2
2 ζ˜1e
−U

Y˜0 = − e
−U
4
√
2τ
3/2
2

τ2
(
−ζ˜1 − 9τ21 ζ0 + 3τ22 ζ0 + 6τ1ζ1
)
3
(
ζ˜0 + τ
3
1 ζ
0 − 3τ1τ22 ζ0 + τ22 ζ1 − τ21 ζ1
)
+ τ1ζ˜1
√
2τ2
(
3τ2ζ˜0ζ
0 + τ2ζ˜1ζ
1 + 3τ1e
2U
)
e−U

Y˜+ =
e−U
4
√
2τ
3/2
2

6
√
2τ2
(
ζ1 − τ1ζ0
)
−√2
(
ζ˜1 − 3τ21 ζ0 + 3τ22 ζ0 + 6τ1ζ1
)
√
τ2
(
3e2U − 2τ2
(
ζ˜1ζ
0 + 3(ζ1)2
))
e−U

Y˜− =
e−U
4
√
2τ
3/2
2

−√2τ2
(
4τ1ζ˜1 + 3ζ˜0 + 9τ
2
1 ζ
1 − 3τ22 ζ1
)
√
2
(
3τ1
(
ζ˜0 + τ
2
1 ζ
1 − 3τ22 ζ1
)
+ 2 (τ1 − τ2) (τ1 + τ2) ζ˜1
)
τ
3/2
2
(
3
τ21+τ
2
2
τ2
+ 2e−2U
(
3ζ˜0ζ
1 − 13 ζ˜21
))
eU

(5.27)
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5.5 The gauging
On the supergravity side, the R-symmetry group of the undeformed N = 8 theory is
USp(N ), whose maximal subgroup is
USp(6)× USp(2) ⊂ USp(8) (5.28)
The deformed theory preserves the USp(2) ∼= SU(2)R subgroup, which is the R-symmetry
of the resulting N = 2 supergravity. It is also invariant under SO(3), which is embedded
inside USp(6) in the following way
SO(3)× SU(2)F ⊂ USp(6) (5.29)
namely, SO(3) commutes with an SU(2)F inside USp(6). The holonomy H is the part in
USp(8) that commutes with SO(3). It is therefore given by
H = SU(2)R × SU(2)F (5.30)
The generators of SU(2)R are given by Ji and those of SU(2)F are Si.
The U(1)R symmetry of the field theory corresponds to the following combination of
U(1) factors inside H
R = S3 − 3J3 (5.31)
The reason is that the SU(2)F generators transform under U(1)R with charge +1 and those
of SU(2)R transform with charge −3. The isometry R is the one we want to gauge using
the graviphoton. Using (5.13) and (5.14), we find that
R = −
√
2 (Y+ + Y−) (5.32)
In the absence of vector multiplets there is a description in terms of a superpotential
W 2 =
2
3
P rP r (5.33)
In our case, the prepotential associated with the gauged isometry is given by
P r =
√
2
3
R˜r = − 2√
3
(Y˜ r+ + Y˜
r
−) (5.34)
The superpotential is therefore given by
W 2 =
[(
τ21 + τ
2
2 + 1
)
2τ2
− 1
9
e−2U
(
(3ζ0 + ζ˜1)ζ˜1 − 9
(
ζ˜0 − ζ1
)
ζ1
)]2
+
e−2U
18τ2
[
2τ1
(
3ζ0 + 2ζ˜1
)
+ 3(ζ˜0 − 2ζ1) + 3(3τ21 − τ22 )ζ1
]2
+
e−2U
18τ32
[
−(τ21 − τ22 )
(
3ζ0 + 2ζ˜1
)
− 3τ1(ζ˜0 − 2ζ1)− 3τ1(τ21 − 3τ22 )ζ1 + ζ˜1
]2
(5.35)
The superpotential (5.35) is one of our main results in this paper.
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We can now evaluate the the potential using (3.36). The full expression is quite lengthy
and we will not include it here, but it is straightforward to derive it. The expansion of the
potential around the maximally supersymmetric fixed point is
V = −6+1
2
−4(√3
2
τ1
)2
− 4
(√
3
2
(τ2 − 1)
)2
− 3(ζ0)2 − 3(
√
3ζ1)2 − 3(ζ˜0)2 − 3( 1√
3
ζ˜1)
2
+. . .
(5.36)
where the canonically normalized fields are(√
3
2
τ1,
√
3
2
(τ2 − 1), ζ0,
√
3ζ1, ζ˜0,
1√
3
ζ˜1
)
(5.37)
The masses of the scalars are therefore given by
m2τ1 = m
2
τ2−1 = −4
m2ζ0 = m
2
ζ1 = m
2
ζ˜0
= m2
ζ˜1
= −3
m2U = m
2
σ = 0
(5.38)
τ1 and τ2 therefore correspond to dimension ∆ = 2 operators, which are the two scalar
deformations. ζ0, ζ1, ζ˜0 and ζ˜1 correspond to dimension ∆ = 3 operators, which are the
two fermion bilinears and the two gaugino bilinears. U and σ correspond to the complex
gauge coupling, which is a marginal deformation ∆ = 4. Note that σ does not appear at
all in the potential and is therefore a non-linear realization of one flat direction (while U
is only a linear realization of the second flat direction).
5.6 R-symmetry basis
The R-symmetry generator is given by
R =− (1 + τ21 − τ22 ) ∂τ1 − 2τ1τ2∂τ2
+ 3ζ1∂ζ0 + ζ˜1∂ζ˜0 −
(
ζ0 +
2
3
ζ˜1
)
∂ζ1 − 3
(
ζ˜0 − 2ζ1
)
∂ζ˜1
(5.39)
We would like to find eigenstates of the R-symmetry generator - namely, the combinations
of fields that are transformed by a phase under R. These are given by
z1 = +(ζ1 − 1
3
ζ˜0)− i
3
(ζ0 + ζ˜1)
z¯1 = −(ζ1 − 1
3
ζ˜0)− i
3
(ζ0 + ζ˜1)
z2 = −(ζ˜0 + ζ1)− i(ζ0 − 1
3
ζ˜1)
z¯2 = −(ζ˜0 + ζ1) + i(ζ0 − 1
3
ζ˜1)
x =
i+ τ¯
i− τ¯ , x¯ =
i− τ
i+ τ
(5.40)
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Note that in Lorentzian signature z¯1 = −z∗1 and z¯2 = +z∗2 , but in the Euclidean theory
these fields are independent. The inverse relations are given by
ζ0 = +
3i
8
[(z1 + z¯1) + (z2 − z¯2)]
ζ˜0 = −3
8
[(z1 − z¯1) + (z2 + z¯2)]
ζ1 = +
1
8
[3(z1 − z¯1)− (z2 + z¯2)]
ζ˜1 = +
3i
8
[3(z1 + z¯1)− (z2 − z¯2)]
τ¯ = −i1− x
1 + x
, τ = i
1− x¯
1 + x¯
(5.41)
Using the variables (5.40) the R-symmetry generator takes the form
R = i (2x∂x − 3z1∂z1 + z2∂z2)− i (2x¯∂x¯ − 3z¯1∂z¯1 + z¯2∂z¯2) (5.42)
To get the correct R-charge we need to multiply by −23
− 2
3
R = i (rx x∂x + rz1z1∂z1 + rz2z2∂z2)− i (rx¯ x¯∂x¯ + rz¯1 z¯1∂z¯1 + rz¯2 z¯2∂z¯2) (5.43)
where rx, rx¯, rz1 , rz¯1 , rz2 and rz¯2 are the R-charges of the fields. We then see that the
bulk fields z1 corresponds to the gaugino bilinear, which transforms as 1−6 under SO(3)×
U(1)R. The field z2 corresponds to the fermion bilinear, which transforms as 1+2. The
field x corresponds to the scalar deformation, which transforms as 1+4. The formally-
conjugated fields transform with the opposite R-charges. U and σ are inert under R-
symmetry transformations and therefore do not appear in (5.42).
Let us summarize the duality between the scalar fields in the bulk and the operators
in the field theory. The four massive operators in (2.8) are dual to the following bulk fields
x ←→ Ox = Tr
(
Z2
)
x¯ ←→ Ox¯ = Tr
(
Z¯2
)
z2 ←→ Oz2 = Tr (χχ)
z¯2 ←→ Oz¯2 = Tr (χ¯χ¯)
(5.44)
In addition to the massive operators, the spectrum of the theory also contains the gauge
kinetic term, the θ-term and left-handed and right-handed gaugino bilinears
z1 ←→ Oz1 = Tr (λλ)
z¯1 ←→ Oz¯2 = Tr
(
λ¯λ¯
)
U ←→ OU = Tr (FµνFµν)
σ ←→ Oσ = Tr (µνρσFµνFρσ)
(5.45)
The superpotential in the R-symmetry basis takes the form
W 2 =
(
1 + |x|2
1− |x|2
)2
− T
4(1− |x|2)3 e
−2U +
1
64
(9|z1|2 + |z2|2)2e−4U (5.46)
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where
T = 6x¯2z¯1(3x¯z¯1 − z2) + z¯2(6x¯z¯1 − z2) + 9|z1|2
− x (6x¯3z¯1z2 − 2x¯2z22 − 9x¯|z1|2 + x¯|z2|2 + 6z1z2)
+ x2
(
6x¯3z¯1z¯2 + x¯
2(9|z1|2 − |z2|2) + 2x¯z¯22 + 6z1z¯2
)
+ x3
(−x¯3|z2|2 + 3x¯z1 (3x¯2z¯1 − 2x¯z2 + 2z¯2)+ 18z21)
(5.47)
The notations are |x|2 ≡ xx¯, |z1|2 ≡ z1z¯1, |z2|2 ≡ z2z¯2. In Euclidean signature the fields are
not complex conjugates of each other and therefore those expressions do not represent the
absolute values of the fields.
The metric on the scalar manifold in the R-symmetry basis takes the form
ds2 = 2(uu¯+ vv¯ + e1e¯1 + E1E¯1) (5.48)
with the vielbeins
u = − 3e
−U
2
√
2 (1− xx¯)3/2
(
dz1 + x¯dz¯2 + x¯
2dz2 − x¯3dz¯1
)
v = dU +
1
16
e−2U (8idσ − 9z¯1dz1 + 9z1dz¯1 − 3z2dz¯2 + 3z¯2dz2)
e1 =
√
3
1− xx¯dx¯
E1 =
√
3
2(1− xx¯)3 e
−U (3xdz1 − 3x¯2dz¯1 + x¯(2 + xx¯)dz2 + (1 + 2xx¯)dz¯2)
(5.49)
6 Solutions of the coset model
In this section we study different solutions of the theory we have derived in the previous
section and find analytical solutions for them.
6.1 All tilded fields are set to zero
First we study the truncation x¯ = z¯1 = z¯2 = 0 that correspond to setting m˜ = 0 in the
field theory. The superpotential then takes a simple form
W =
√
1 +
3
2
x z1 (z2 − 3x2z1) e−2U (6.1)
This is not a consistent truncation of the theory. To explain that let us focus on the
fields x, x¯, for example. The metric on the scalar manifold is complicated, but the x- and
x¯- components are given by
ds2 =
6
(1− |x|2)2dxdx¯+ . . . (6.2)
where the dots refer to the rest of the components.
Now, let us look at the BPS equations
qX ′ ∼ ∓ 3
L
gXY ∂YW (6.3)
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Since the inverse metric gXY mixes between x and x¯ we will get a non-trivial equation for
x¯
x¯′ ∼ ∓ 3
L
gx¯x∂xW 6= 0 (6.4)
that will not be consistent with x¯ = 0.
A similar issue occurs with the other fields and therefore this truncation is not-
consistent.
6.2 No axion-dilaton and no gauginos
We now wish to set the bulk fields dual to the axion-dilaton, U and σ, and the gauginos
z1, z¯1 to zero
U = σ = z1 = z¯1 = 0 (6.5)
The superpotential then reduces to
W 2 = +
(1 + |x|2)(1− |x|4)
(1− |x|2)3 +
(
(1 + |x|2)(1 + |x|4)
(1− |x|2)3 +
|z2|2
16
) |z2|2
4
− |x|
2
2(1− |x|2)3 (xz¯
2
2 + x¯z
2
2)
(6.6)
and the potential is given by
V =− 6 1 + |x|
4
(1− |x|2)2 +
3
8
( |z2|2
8
− (3− |x|
2)(1− 3|x|2)(1 + |x|2)
(1− |x|2)3
)
|z2|2
− 3
4
1 + |x|4
(1− |x|2)3 (xz¯
2
2 + x¯z
2
2)
(6.7)
The metric on the scalar manifold
ds2 =
6dxdx¯
(1− |x|2)2 +
3
64
16(1 + |x|2)(1 + 10|x|2 + |x|4) + 3(1− |x|2)3|z2|2
(1− |x|2)3 dz2dz¯2
− 3
2
[(
3z¯22
64
− x¯(1 + 4|x|
2 + |x|4)
(1− |x|2)3
)
dz22 +
(
3z22
64
− x(1 + 4|x|
2 + |x|4)
(1− |x|2)3
)
dz¯22
] (6.8)
6.3 Solutions with no back-reaction
We now keep only the fields x and z2 and set all the rest to zero (x¯ = z¯2 = z1 = z¯1 = U =
σ = 0). Let us remind that the bulk field x is dual to the coupling to the sphere which is
proportional to ima and z2 is dual to the fermion bilinear which is proportional to m. It
turns out that the kinetic term (5.48) vanishes in this case. The superpotential (5.46) is
trivial
W = 1 (6.9)
and therefore the solution for the metric equation of motion in (3.39) is the hyperbolic
space
eA = sinh r (6.10)
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The equations of motion for the fields z2 and x are
z′′2 (r) + 4A
′(r)z′2(r) + 3z2(r) = 0
x′′(r) + 4A′(r)x′(r) + 4x(r) = −1
4
z2(r)
2
(6.11)
For which the solution is
z2(r) =
1
4 sinh(r)3
[a1 (sinh(2r)− 2r) + 4a2]
x(r) =
1
2 sinh(r)2
[b1 (r coth(r)− 1) + 2b2 coth(r)] + a1r(4a2 − a1r)
64 sinh(r)2
− coth(r)
64 sinh(r)2
[
4a1a2 + (4a
2
2 − a21)r + (a1r − 2a2)2 coth(r)
] (6.12)
Imposing regularity at r = 0 set the coefficients a2 = b2 = 0. Supersymmetry further fixes
a relation between a1 and b1, as we will explain in the next section.
The Fefferman-Graham expansion of the solution near the boundary r →∞ is
z2(r) = a1e
−r + a1(3− 4r)e−3r + . . .
x(r) =
(
−2b1 + (2b1 + 1
16
a21)r −
1
8
a21r
2
)
e−2r + . . .
(6.13)
corresponding to operators of dimensions ∆Oz2 = 3 and ∆Ox = 2, respectively. a1 is the
source for the scalar operator Oz2 and b1 is the source for the operator Ox .
6.4 Flat spacetime truncation with a dilaton and a gaugino condensate
If we set both x and x¯ to zero we get some nice and simple truncations with analytical
solutions. However, x and x¯ correspond to the scalar deformations which encode the
coupling to S4. Therefore, if we set them both to zero we truncate to flat spacetime
solutions.
Let us look for example at the truncation
x = x¯ = z2 = z¯2 = σ = 0 (6.14)
The superpotential is then given by
W = 1− 9
8
|z1|2e−2U (6.15)
The solution for the scalars is
z1(r) = z0 e
−3r
z¯1(r) = z¯0 e
−3r
U(r) =
1
2
ln
(
1− 9
8
|z0|2e−6r
) (6.16)
For flat space solutions the equation of motion of the wrap factor is A′(r) = W , for which
the solution is
A(r) = r +
1
6
ln
(
1− 9
8
|z0|2e−6r
)
(6.17)
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This solution is singular. The singularity is at r = 16 ln(
9
8 |z0|2), where the argument of the
log term vanishes
A similar solution was found in [18] for N = 2 supergravity coupled to one hypermul-
tiplet.
7 The Free Energy
One of the main purposes of this paper is to evaluate the free energy for the N = 1∗ theory
on S4 using the analytical solution that we found in section 6.3.
To evaluate the free energy we need to compute the one-point functions using the
procedure of holographic renormalization. The on-shell bulk action (supplemented by the
Gibbons-Hawking term) is divergent and has to be regularized using infinite counterterms.
In addition, as explained in [4–6], in order to preserve supersymmetry we also need to add
finite counterterms. The renormalized on-shell action is given by
Sren = S5D + SGH + Sct + SW (7.1)
where S5D is the bulk action, SGH is the Gibbons-Hawking term, Sct is the infinite coun-
terterm action and SW is the finite counterterm.
The bulk action is
S5D =
1
8piG5
∫
d5x
√
g
(
−1
2
R− 1
2
gXY ∂µq
X∂µqY − 1
L2
V
)
(7.2)
The potential (6.7) can be expanded around the maximally supersymmetric fixed point
V = −6− 3
8
(
32|x|2 − 9|z1|2 + 3|z2|2
)− 3
4
x¯z22 + . . . (7.3)
where . . . represent terms that will vanish in the limit where the cutoff is taken to infinity.
The infinite counterterm action is given by
Sct = − 1
8piG5
∫
ρ=
d4x
√
γ
[
3
2
+
1
8
R[γ] +
3
8
|z2|2 + 6
(
1 +
1
log ρ
)
|x|2
− log ρ
(
1
32
(
R[γ]ijR[γ]
ij − 1
3
R[γ]2
)
− 1
24
R[γ]
(
3
8
|z2|2
)
+
3
16
x¯z22
)] (7.4)
We have define a radial coordinate ρ = e−2r and  is the cutoff. γ is the induced metric
on the boundary. Most of the terms in (7.4) are the canonical counterterms for bulk fields
dual to operators of dimension ∆z2 = 3 and ∆x = 2 on S
4 (see [4]). The only exception
is the last term, proportional to x¯z22 , which is a result of the last interaction term in the
expansion of the potential (7.3).
Finally, we also have to had a finite counterterm. As explained in [4–6], to preserve
supersymmetry we need to add to the action the finite part of the following term
SW = − 3
8piG5
∫
∂
d4x
√
γ W (7.5)
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where W is the superpotential. SW contains finite and infinite terms, but the infinite ones
were already included in Sct, so we only need to consider finite contributions.
The renormalized one-point functions for operators O∆ of dimension ∆ = 2, 3, 4 dual
to the bulk fields Φ∆ are given by
〈O2〉 = lim
→0
log 

1√
γ
δSren
δΦ2
= lim
r→∞
(
−2re2r 1√
γ
δSren
δΦ2
)
〈O3〉 = lim
→0
1
3/2
1√
γ
δSren
δΦ3
= lim
r→∞
(
e3r
1√
γ
δSren
δΦ3
)
〈O4〉 = lim
→0
1
2
1√
γ
δSren
δΦ4
= lim
r→∞
(
e4r
1√
γ
δSren
δΦ4
) (7.6)
The contribution to the renormalized one-point functions from the bulk action is
1√
γ
δS5D
δqX
= − 1
8piG5
(
gXY ∂rq
Y
)
(7.7)
For the solution in section 6.3 the only non-zero components of the above expression are
1√
γ
δS5D
δx¯
= − 1
8piG5
(3∂rx)
1√
γ
δS5D
δz¯2
= − 1
8piG5
(
3
8
∂rz2
) (7.8)
The contribution from the infinite counterterms is
1√
γ
δSct
δx¯
= − 1
8piG5
[
6
(
1− 1
2r
)
x+ r
3
8
z22
]
1√
γ
δSct
δz¯2
= − 1
8piG5
[
3
8
(
1− 8re−2r) z2] (7.9)
where, again, derivatives with respect to any other fields are zero. The superpotential
contribution is
1√
γ
δSW
δx¯
= − 1
8piG5
(6x)
1√
γ
δSW
δz¯2
= − 1
8piG5
(
3
8
z2
) (7.10)
Note that the superpotential contribution does not contain any finite pieces! The infinite
contributions of SW were already taken into account in Sct.
Plugging the solution (6.12) and adding everything together we find the renormalized
one-point functions
〈Oz¯2〉 =
15
4
a1
〈Ox¯〉 = 12b1
(7.11)
All other one-point functions vanish.
We can now use the SUSY Ward identities to fix the relation between a1 and b1.
Following [4]), the SUSY Ward identity for these operators is
√
2 〈Oz¯2〉 = 〈Ox¯〉 (7.12)
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(the normalization is different than the one in [4] due to a different normalization of the
scalars). We therefore conclude that a supersymmetric solution should obey
a1 =
8
√
2
5
b1 (7.13)
Finally, as explained in [5], the free energy for configurations of the form discussed in
section 6.3, is given by the Legendre transform of the action
F = Sren − 1
2
∫
S4
d4x
[
(a1 + a¯1)
(
δSren
δa1
+
δSren
δa¯1
)
+ (b1 + b¯1)
(
δSren
δb1
+
δSren
δb¯1
)]
(7.14)
The contribution of the first term in (7.14) is schematically of the form
Sren = F0 +
1
2
∫
S4
d4x
√
g0
[
a1
δSren
δa1
+ b1
δSren
δx
]
(7.15)
since a1 and b1 are the only sources we turn on. F0 is the contribution from the UV fixed
point - N = 4 SYM, and g0 is the metric on S4. The derivatives of the renormalized action
with respect to the sources are related to the one-point functions as follows
δSren
δa¯1
=
δSren
δz¯2
δz¯2
δa¯1
=
√
g0 〈Oz¯2〉 ,
δSren
δa1
=
δSren
δz2
δz2
δa1
=
√
g0 〈Oz2〉
δSren
δb¯1
=
δSren
δx¯
δx¯
δb¯1
= −√g0 〈Ox¯〉 , δSren
δb1
=
δSren
δx
δx
δb1
= −√g0 〈Ox〉
(7.16)
All other derivatives vanish. Note that since 〈Oz2〉 and 〈Ox〉 vanish for the solution that
we found, the only contribution from the first term in (7.14) is the N = 4 SYM part - F0.
We can now evaluate the free energy
F = F0 − 1
2
∫
S4
d4x
√
g0 (a1 〈Oz¯2〉 − b1 〈Ox¯〉)
= F0 − 1
2
vol(S4) (a1 〈Oz¯2〉 − b1 〈Ox¯〉)
= F0 +
vol(S4)
2
1
8piG5
(
12b21 −
15
4
a21
) (7.17)
We use that 18piG5 =
N2
4pi2
and that the volume of the 4-sphere with radius 1/2 is vol(S4) =
1
24
8pi2
3 =
pi2
6 to get
F = F0 +
N2
48
(
12b21 −
15
4
a21
)
(7.18)
For the supersymmetric solution (7.13) we have
F = F0 −N2 15
512
a21 (7.19)
a1 is proportional to the mass parameter µ. To fix the normalization we recall [4] that
when the masses are unequal we have
φi = µie
−r + . . .
φ¯i = µ¯ie
−r + . . .
(7.20)
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where µi = mia, µ¯i = m¯ia are the dimensionless mass parameters. In the equal mass case
µi = µ, µ¯i = µ¯ the kinetic term is of the form
3∑
i=1
∂φi∂φ¯i → 3∂φ∂φ¯ = 3
4
∂z2∂z¯2 (7.21)
where the normalization of the z2, z¯2 variables follows from (5.48). We therefore conclude
that
a1 = 2µ = 2ma
a¯1 = 2µ¯ = 2m¯a
(7.22)
The free energy is therefore given by
F = F0 − 15
128
N2(ma)2 (7.23)
This is our main result. The expression (7.23), calculated using the gravity dual of the
N = 1∗ theory, provides an analytical prediction for its sphere partition function at large
’t Hooft coupling in the planar limit. The free energy of this configuration is quadratic in
the mass, and as explained in the introduction, is devoid of unphysical ambiguities.
8 Concluding remarks and future directions
In this paper we have studied the SO(3) sector of the N = 1∗ mass deformation of N = 4
super Yang-Mills on S4. The gravity dual of this sector is N = 2 supergravity coupled
to two hypermultiplets, which is a consistent truncation of the maximally supersymmetric
N = 8 supergravity in five dimensions. The scalar fields in the hypermultiplets span
an eight-dimensional quaternionic-Ka¨hler manifold that is described by the G2,2/SU(2)×
SU(2) coset model. We have studied the coset model and derived a superpotential for this
theory. Using the superpotential description, we found field configurations in the bulk that
feature analytical solutions. We then used these solutions to compute the S4 partition
function using the procedure of holographic renormalization, and showed that it is devoid
of unphysical ambiguities. An interesting feature of the result (7.23) is that it is quadratic
in the dimensionless mass parameter ma.
The result (7.23) provides an analytical prediction for the sphere partition function
of the configuration (1.7) of the N = 1∗ theory at large ’t Hooft coupling in the planar
limit. While traditional field theory techniques usually cannot be applied in the strong
coupling limit, supersymmetric localization makes it possible in certain cases. On the
four-sphere, however, the localization technique requires the existence of at least N = 2
supersymmetries, and therefore cannot be applied in the case of the N = 1∗ theory. It will
be very interesting if one could develop tools that will allow for the study of quantum field
theories with N = 1 sueprsymmetry in the strong coupling regime, and compare with the
result (7.23).
The main purpose of this paper was to study the G2,2/SU(2)×SU(2) coset model and
derive analytical results for the S4 partition function of the configuration (1.7). We would
like to generalize some of the results that we have derived. In [38] we extend the analysis
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and compute the BPS equations for general N = 2 Lorentzian and Euclidean supergravity
theories. We also provide a more general derivation of the the holographic renormalization
procedure, including both finite and infinite counterterms, that applies for this wide class
of theories.
It will be very interesting to use the results and techniques that we developed here to
compute other observables, like Wilson loops in N = 1 theories, along the lines of [39–42].
It will also be interesting to test holography in other cases where field theory results are
available, like N = 1 supersymmetric theories on S3×S1 or S2×T 2 [43–47]. We certainly
intend to explore these directions.
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A Indices
µ 0, . . . , 4 Spacetime indices
i 1, 2 SU(2)-doublets
r 1, 2, 3 SU(2)-triplets
I 0, . . . , nV vectors
x 1, . . . , nV scalars in vector multiplets
A 1, . . . , 2nH symplectic index for hypermultiplets
X 1, . . . , 4nH scalars in hypermultiplets
(A.1)
B Clifford Algebra in 5D
The five dimensional gamma matrices γm where m = 0, . . . , 4 satisfy the Clifford algebra
{γm, γn} = 2ηmn = 2diag{1,−1,−1,−1,−1} (B.1)
where γm with m = 0, . . . , 3 are pure imaginary and γ4 is pure real. We also define
γ5 = −iγ4 (B.2)
Complex conjugation
γ∗4 = γ4 (B.3)
γ∗µ = −γµ (µ 6= 4) (B.4)
γ∗5 = −γ5 (B.5)
(γµγ5)
∗ = −γ5γµ (B.6)
(γµγ5)
∗ = −γ5γµ (B.7)
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C SU(2) and Sp(2nH) structures
Partially based on appendix 20A of [48].
C.1 The Pauli matrices
The Pauli matrices
(
τ1
)
i
j =
(
0 1
1 0
)
,
(
τ2
)
i
j =
(
0 -i
i 0
)
,
(
τ3
)
i
j =
(
1 0
0 -1
)
. (C.1)
Useful identities for the Pauli matrices
[τa, τ b] = 2iabcτ c, tr τa = 0, tr τaτ b = 2δab
{τa, τ b} = 2δabI, det τa = −1 (C.2)
and
τaτ b = iabcτ c + δabI (C.3)
C.2 SU(2) indices
The SU(2) index i = 1, 2 is raised and lowered using the  symbol
ij = 
ij =
(
0 1
-1 0
)
, 12 = −21 = +1 (C.4)
in the following way
Ai = ijAj , Ai = A
jji (C.5)
We than get, for example,
AiBi = −AiBi (C.6)
We can raise and lower indices on ~τ
(~τ)ij = ik(~τ)k
j =
(
τ3, iI, −τ1) = −(~τ)ij ∗ (C.7)
With the indices at equal height, ~τ are symmetric matrices.
C.3 Decomposition in terms of SU(2) triplets
Any SU(2) matrix Rij can be decompose in terms of SU(2) triplets R
r
Rij = iR
r(τ r)ij , r = 1, 2, 3 (C.8)
The inverse relation
Rr =
i
2
Rij(τ
r)ij = − i
2
Ri
j(τ r)j
i (C.9)
For example, we can derive the following identity
AijB
ij = 2ArBr ≡ 2 ~A · ~B (C.10)
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C.4 Sp(2nH) structure
The indices A,B = 1, . . . , 2nH describe the fundamental representation of Sp(2nH). They
are raised and lowered using the symplectic matrix CAB which satisfies
CABC
BC = δCA , C
AB = (CAB)
∗ (C.11)
By redefinition, this matrix can be brought into the form
CAB =
(
0 I
−I 0
)
(C.12)
In the case nH = 1 this structure collapses to that of SU(2).
C.5 Charge conjugation and reality conditions
The charge conjugation under the SU(2) and Sp(2nH) is defined by
(RiA)
C = ijCAB(fjB)
∗ (C.13)
Quantities which are real under charge conjugation (like the vielbeins) satisfy the following
reality condition
fXiA = (f
X
iA)
C = ijCAB(f
X
jB)
∗ (C.14)
D SU(2, 1) Killing vectors and Prepotentials
The eight generators of SU(2, 1) can be classified as follows [30]:
1. The generators of the compact subgroup SU(2)× U(1).
2. The generators of the non-compact coset SU(2,1)SU(2)×U(1) .
The generators of the compact subgroup SU(2) × U(1) are given by the following
Killing vectors
SU(2)

k1 =
1
2i [z2∂z1 + z1∂z2 − c.c.]
k2 =
1
2 [−z2∂z1 + z1∂z2 + c.c.]
k3 =
1
2i [−z1∂z1 + z2∂z2 − c.c.]
(D.1)
U(1)
{
k4 =
1
2i [z1∂z1 + z2∂z2 − c.c.] (D.2)
The action of the SU(2) subgroup corresponds to ”rotations” of the two complex coordi-
nates z1, z2, and the three generators (k1, k2, k3) fulfill the SU(2) algebra [km, kn] = imnlkl.
The generators of the non-compact coset SU(2,1)SU(2)×U(1) are given by the following Killing
vectors
SU(2, 1)
SU(2)× U(1)

k5 =
1
2
[
(−1 + z21)∂z1 + z1z2∂z2 + c.c.
]
k6 =
i
2
[
(1 + z21)∂z1 + z1z2∂z2 − c.c.
]
k7 =
1
2
[−z1z2∂z1 + (1− z22)∂z2 + c.c.]
k8 =
i
2
[
z1z2∂z1 + (1 + z
2
2)∂z2 − c.c.
] (D.3)
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The full SU(2, 1) algebra is given by
[km, kn] = ifmnlkl (D.4)
with the structure constants
f123 = 1
f178 = f156 = f268 = f275 = f358 = f367 = −1
2
f458 = f476 =
√
3
2
(D.5)
The Killing prepotentials associated with the Killing vectors can be derived using
equation (3.17). They are most conveniently written using the polar system of coordinates.
The Killing prepotentials associated with the Killing vectors (k1, k2, k3, k4) of the compact
subgroup SU(2)× U(1) are given by [30]
SU(2)

p1 = − 12√1−R2

cosψ sinφ+ cos θ sinψ cosφ
sinψ sinφ− cos θ cosψ cosφ
− 2−R2
2
√
1−R2 sin θ cosφ

p2 = − 12√1−R2

cosψ cosφ− cos θ sinψ sinφ
sinψ cosφ+ cos θ cosψ sinφ
2−R2
2
√
1−R2 sin θ sinφ

p3 = − 12√1−R2

sinψ sin θ
− cosψ sin θ
2−R2
2
√
1−R2 cos θ

U(1)
p4 = R
2
4(1−R2)

0
0
1

(D.6)
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The Killing prepotentials associated with the Killing vectors (k5, k6, k7, k8) of the non-
compact coset are given by [30]
SU(2, 1)
SU(2)× U(1)

p5 =
R
2(1−R2)

√
1−R2 sin θ2 cos φ−ψ2
−√1−R2 sin θ2 sin φ−ψ2
cos θ2 sin
φ+ψ
2

p6 = − R2(1−R2)

√
1−R2 sin θ2 sin φ−ψ2√
1−R2 sin θ2 cos φ−ψ2
− cos θ2 cos φ+ψ2

p7 =
R
2(1−R2)

√
1−R2 cos θ2 cos φ+ψ2√
1−R2 cos θ2 sin φ+ψ2
sin θ2 sin
φ−ψ
2

p8 = − R2(1−R2)

√
1−R2 cos θ2 sin φ+ψ2
−√1−R2 cos θ2 cos φ+ψ2
− sin θ2 cos φ−ψ2

(D.7)
We follow the conventions of [18]. In order to translate to the conventions of [30], one has
to multiply the prepotentials by a factor of −12 .
E Different system of coordinates for the SU(2, 1)/SU(2)× U(1) coset
Another system of coordinates which is sometimes being used in the literature is given by
z1 =
2(θ − iτ)
1 + V + θ2 + τ2 + iσ
z2 = −1 + 2
1 + V + θ2 + τ2 + iσ
(E.1)
In the system of coordinates (V, σ, θ, τ) the metric takes the form
ds2 =
dV 2
2V 2
+
1
2V 2
(dσ + 2θdτ − 2τdθ)2 + 2
V
(
dτ2 + dθ2
)
(E.2)
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F G2,2 Killing vectors and Prepotentials
The rest of the Killing vectors
Fp0 =
(
−2
3
(
τ21 ζ˜1 + 3τ1ζ˜0 − τ22 ζ˜1
)
,−2
3
τ2
(
2τ1ζ˜1 + 3ζ˜0
)
, ζ˜0ζ
0 + ζ˜1ζ
1 − σ − τ
3
1 e
2U
τ32
,
−2ζ˜
2
1
9
−
(
τ21 + τ
2
2
)
τ21 e
2U
τ32
,−2ζ˜20 −
(
τ21 + τ
2
2
)
3e2U
τ32
,
3τ1
(
τ21 + τ
2
2
)
2e2U
τ32
− 2ζ˜0ζ˜1,
−ζ˜0,−ζ˜20ζ0 − ζ˜0ζ˜1ζ1 − σζ˜0 +
2ζ˜31
27
+
e2U
(
τ1
(
τ1
(
τ1ζ˜0 +
(
τ21 + τ
2
2
)
ζ˜1
)
+ 3
(
τ21 + τ
2
2
)
2ζ1
)
− (τ21 + τ22 ) 3ζ0)
τ32

Fq0 =
(
2ζ1 − 2τ1ζ0,−2τ2ζ0, 2(ζ0)2 + e
2U
τ32
, 2ζ0ζ1 +
τ1e
2U
τ32
,−ζ˜0ζ0 − ζ˜1ζ1 − σ + τ
3
1 e
2U
τ32
,
−6(ζ1)2 − 3τ
2
1 e
2U
τ32
, ζ0,−ζ˜1ζ0ζ1 −
e2U
(
τ1
(
ζ˜1 − τ21 ζ0 + 3τ1ζ1
)
+ ζ˜0
)
τ32
− ζ˜0(ζ0)2 + σζ0 − 2(ζ1)3

Fp1 =
1
3
√
3τ32
(
2τ32
(
−τ1ζ˜1 + 3ζ˜0 − 6τ21 ζ1 + 6τ22 ζ1
)
,−2τ42
(
ζ˜1 + 12τ1ζ
1
)
, 9
(
2τ32 (ζ
1)2 + τ21 e
2U
)
,
τ32
(
3ζ˜0ζ
0 − 5ζ˜1ζ1 − 3σ
)
+
(
9τ31 + 6τ
2
2 τ1
)
e2U , 9τ1
(
τ21 + τ
2
2
)
2e2U − 6τ32 ζ˜0ζ˜1,
−2τ32
(
18ζ˜0ζ
1 + ζ˜21
)
− 9 (τ21 + τ22 ) (3τ21 + τ22 ) e2U ,−3τ32 ζ˜1,
3e2U
(
3
(
τ1
((
τ21 + τ
2
2
)
2ζ0 − τ1ζ˜0
)
− (τ21 + τ22 ) (3τ21 + τ22 ) ζ1)− τ1 (3τ21 + 2τ22 ) ζ˜1)
+τ32
(
−3ζ˜1
(
ζ˜0ζ
0 + σ
)
− 18ζ˜0(ζ1)2 + ζ˜21ζ1
))
Fq1 =
1
3
√
3τ32
(
2τ32
(
−2ζ˜1 − 3τ21 ζ0 + 3τ22 ζ0 − 3τ1ζ1
)
,−6τ42
(
2τ1ζ
0 + ζ1
)
, 9
(
2τ32 ζ
0ζ1 + τ1e
2U
)
,
2τ32
(
3(ζ1)2 − 2ζ˜1ζ0
)
+ 3
(
3τ21 + τ
2
2
)
e2U , 2τ32 ζ˜
2
1 + 9τ
2
1
(
τ21 + τ
2
2
)
e2U ,
−3τ32
(
3ζ˜0ζ
0 − 5ζ˜1ζ1 + 3σ
)
− 9τ1
(
3τ21 + 2τ
2
2
)
e2U , 9τ32 ζ
1,
τ32
(
−9ζ˜0ζ0ζ1 + 2ζ˜21ζ0 + 3ζ˜1(ζ1)2 + 9σζ1
)
−3e2U
(
3τ21
(
ζ˜1 − τ22 ζ0
)
+ 3τ1
(
ζ˜0 + 2τ
2
2 ζ
1
)
+ τ22 ζ˜1 − 3τ41 ζ0 + 9τ31 ζ1
))
(F.1)
The last Killing vector F is more complicated and can be derived using the commutation
relation [FpI , FqJ ] = 2δ
I
JF .
The corresponding Killing prepotentials
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F˜p0 =

e−U(τ2(9τ21 (ζ˜0ζ0+ζ˜1ζ1−σ)−3τ22 (ζ˜0ζ0+ζ˜1ζ1−σ)+4τ1ζ˜21+6ζ˜0ζ˜1)+3τ1(τ21−3τ22 )e2U)
6
√
2τ
3/2
2
e−U(−3τ31 (ζ˜0ζ0+ζ˜1ζ1−σ)+τ1(9τ22 (ζ˜0ζ0+ζ˜1ζ1−σ)−6ζ˜0ζ˜1)−2τ21 ζ˜21+2τ22 ζ˜21−6ζ˜20+(9τ21 τ2−3τ32 )e2U)
6
√
2τ
3/2
2
1
54e
−2U
(
−27ζ˜20ζ0 − 27ζ˜0ζ˜1ζ1 + 27σζ˜0 + 2ζ˜31
)
− 3τ1ζ˜0+(τ
2
1+τ
2
2 )ζ˜1
2τ2

F˜q0 =

− e
−U(2τ2(6τ1ζ0ζ1−3τ21 ζ20+τ22 ζ20−3(ζ1)2)+e2U)
2
√
2τ
3/2
2
− e
−U(ζ˜0ζ0+ζ˜1ζ1−6τ21 ζ0ζ1+6τ22 ζ0ζ1+6τ1((ζ1)2−τ22 ζ20)+2τ31 ζ20+σ)
2
√
2τ
3/2
2
−12e−2U
(
ζ˜1ζ
0ζ1 + ζ0
(
ζ˜0ζ
0 + σ
)
+ 2ζ31
)
− 3(τ1ζ
0−ζ1)
2τ2

F˜p1 =

e−U(2τ2(τ1(−9ζ˜0ζ0+15ζ˜1ζ1+9σ)+18ζ˜0ζ1+ζ˜21+27τ21 (ζ1)2−9τ22 (ζ1)2)−9(τ1−τ2)(τ1+τ2)e2U)
6
√
6τ
3/2
2
e−U(3τ21 (3ζ˜0ζ0−5ζ˜1ζ1−3σ)−9τ22 ζ˜0ζ0+15τ22 ζ˜1ζ1+τ1(−36ζ˜0ζ1−2ζ˜21+54τ22 (ζ1)2)−6ζ˜0ζ˜1−18τ31 (ζ1)2+9στ22−18τ1τ2e2U)
6
√
6τ
3/2
2
e−2U(τ2(3ζ˜1(σ−ζ˜0ζ0)−18ζ˜0(ζ1)2+ζ˜21ζ1)−3e2U(τ1ζ˜1−3ζ˜0+6(τ21+τ22 )ζ1))
6
√
3τ2

F˜q1 =

e−U(τ2(8τ1ζ˜1ζ0+3ζ˜0ζ0−5ζ˜1ζ1+18τ21 ζ0ζ1−6τ22 ζ0ζ1−12τ1(ζ1)2+3σ)−3τ1e2U)
2
√
6τ
3/2
2
e−U(6τ21 (3(ζ1)2−2ζ˜1ζ0)+2(τ22 (6ζ˜1ζ0−9(ζ1)2)+ζ˜21)+3τ1(−3ζ˜0ζ0+5ζ˜1ζ1+18τ22 ζ0ζ1−3σ)−18τ31 ζ0ζ1−9τ2e2U)
6
√
6τ
3/2
2
e−2U(τ2(−9ζ˜0ζ0ζ1+2ζ˜21ζ0+3ζ˜1(ζ1)2−9σζ1)−3e2U(2ζ˜1+3(τ21+τ22 )ζ0+3τ1ζ1))
6
√
3τ2

(F.2)
F˜ is too lengthly to be displayed.
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